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1. Introduction
If am , bn  0, a = {an}∞m=1 ∈ l2, b = {bn}∞m=1 ∈ l2 and ‖a‖2 > 0, ‖b‖2 > 0, Hardy et al. [6] proved the well-known Hilbert’s
inequality
∞∑
n=1
∞∑
m=1
ambn
m + n < π‖a‖2‖b‖2, (1.1)
where the constant factor π is the best possible. In 1925, Hardy gave an extension of (1.1) as follows:
Let p > 1, 1p + 1q = 1. If am , bn  0, a = {am}∞m=1 ∈ lp , b = {bn}∞n=1 ∈ lq and ‖a‖p > 0, ‖b‖q,> 0, then we have
∞∑
n=1
∞∑
m=1
ambn
m + n < π csc
(
π
p
)
‖a‖p‖b‖q, (1.2)
where the constant factor π csc( πp ) is the best possible.
Several inequalities similar to the Hilbert inequality (1.1) and its extension (1.2) have been proved and these are known as
Hilbert-type inequalities. In view of importance of the Hilbert inequality and Hilbert-type inequalities and their applications
to mathematical analysis, considerable attention has recently been given to these inequalities by many authors [1–24] which
are cited in the references. Recently, Yang [20–22] and Hong [8] have obtained some new bilinear operator inequalities with
the norm and gave some new Hilbert’s type inequalities with the best constant factors.
The main objective of this paper is to study a Hilbert-type linear series operator and its norm. Several generalizations
of the Hilbert-type inequalities whose kernels are symmetric and homogeneous of the ﬁrst order are presented. Included
are applications of some new extended Hilbert-type inequalities with the best possible constant factors and their equivalent
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paper.
In order to make this self-contained, we introduce the following notations and deﬁnitions.
Deﬁnition 1.1. Let p > 0, n0 ∈ Z, w(n) 0 (n n0,n ∈ Z). We deﬁne the set of series lpw,n0 as
lpw,n0 :=
{
a = {an}∞n=n0 : ‖a‖p,w :=
( ∞∑
n=n0
w(n)|an|p
) 1
p
< ∞
}
.
Deﬁnition 1.2. Let r > 1, 1r + 1s = 1. We denote by H(r, s) the set of all real-valued functions K (x, y) satisfying the following
conditions.
(C1) K (x, y) is continuous on (0,∞) × (0,∞) and decreasing with respect to x and y respectively.
(C2) For any x, y, t > 0, K (x, y) = K (y, x), K (tx, ty) = t−1K (x, y) > 0.
(C3) There exists a constant M > 0 such that limt→0+ K (1, t) = M . For suﬃciently small ε( 0), the following integral
Kl(ε) :=
∞∫
0
K (1, t)t−
1+ε
l dt (l − r, s)
exists, where Kl(0) := Cr is a positive constant and Kl(ε) = Cr + o(1) as ε → 0+ .
Deﬁnition 1.3. Let r > 1, n0 ∈ Z. We denote by Fn0 (r) the set of all real-valued functions φ(x) satisfying the following
conditions.
(C1) φ(x) is continuously differentiable and strictly increasing in (n0 − 1,∞).
(C2) φ((n0 − 1)+) = 0, φ(∞) = ∞, φ′(x)[φ(x)] 1r is decreasing in (n0 − 1,∞).
The following two theorems and Theorem 5.1 in Section 5 are the main results of this paper.
Theorem 1.4. Let p > 1, 1p + 1q = 1, r > 1, 1r + 1s = 1, m0,n0 ∈ Z, K (x, y) ∈ H(r, s), φ(x) ∈ Fm0 (r), ψ(x) ∈ Fn0 (s). Setting w1(m) =
[φ(m)] pr −1
[φ′(m)]p−1 , w2(n) = [ψ(n)]
q
s −1
[ψ ′(n)]q−1 , w˜1(n) = ψ ′(n)[ψ(n)]
p
r −1 , w˜2(m) = φ′(m)[φ(m)] qs −1 , we deﬁne the series operator T as follows: for
a ∈ lpw1,m0 ,
(Ta)(n) :=
∞∑
m=m0
K
(
φ(m),ψ(n)
)
am (n n0, n ∈ Z), (1.3)
or, for b ∈ lqw2,n0 ,
(Tb)(m) :=
∞∑
n=n0
K
(
φ(m),ψ(n)
)
bn (mm0, m ∈ Z). (1.4)
(1) Then, we have
‖Ta‖p,w˜1  Cr‖a‖p,w1 , ‖Tb‖q,w˜2  Cr‖b‖q,w2 . (1.5)
(2) Deﬁne
‖T‖p := sup
a∈lpw1,m0
‖Ta‖p,w˜1
‖a‖p,w1
, (1.6)
‖T‖q := sup
b∈lqw2,n0
‖Tb‖q,w˜2
‖b‖q,w2
. (1.7)
Then, we have
‖T‖p = ‖T‖q = Cr =
∞∫
0
K (1, t)t−
1
r dt. (1.8)
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H :=
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
)
ambn < Cr‖a‖p,w1‖b‖q,w2; (1.9)
{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p} 1p
< Cr‖a‖p,w1 , (1.10)
where the constant factor Cr is the best possible.
2. Some lemmas
Lemma 2.1. Let r > 1, 1r + 1s = 1, m0,n0 ∈ Z, φ(x) ∈ Fm0 (r), ψ(x) ∈ Fn0 (s), a > 0, ε > 0. Then, for ε → 0+ , we have
∞∑
m=m0
φ′(m)
[φ(m)]1+a+ε = O (1),
∞∑
m=m0
φ′(m)
[φ(m)]1+ε =
1
ε
(
1+ o(1)); (2.1)
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+a+ε = O (1),
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε =
1
ε
(
1+ o(1)). (2.2)
Proof. By Deﬁnition 1.3, we have
0<
∞∑
m=m0
φ′(m)
[φ(m)]1+a+ε =
φ′(m0)
[φ(m0)]1+a+ε +
∞∑
m=m0+1
φ′(m)
[φ(m)]1+a+ε 
φ′(m0)
[φ(m0)]1+a+ε +
∞∫
m0
φ′(t)
[φ(t)]1+a+ε dt
= φ
′(m0)
[φ(m0)]1+a+ε +
1
(a + ε)[φ(m0)]a+ε ,
∞∑
m=m0
φ′(m)
[φ(m)]1+ε 
∞∫
m0
φ′(t)
[φ(t)]1+ε dt =
1
ε[φ(m0)]ε .
It is easy to see that (2.1) is valid. The lemma is proved. Similarly, we can obtain (2.2). 
Lemma 2.2. Under the same assumptions of Theorem 1.4, we deﬁne the weight coeﬃcients W1(m) and W2(n) as follows:
W1(m) :=
∞∑
n=n0
K
(
φ(m),ψ(n)
)(φ(m)
ψ(n)
) 1
s
ψ ′(n) (mm0, m ∈ Z), (2.3)
W2(n) :=
∞∑
m=m0
K
(
φ(m),ψ(n)
)(ψ(n)
φ(m)
) 1
r
φ′(m) (n n0, n ∈ Z). (2.4)
Then the following inequalities hold:
Cr
(
1− θ(m))< W1(m) < Cr; W2(n) < Cr, (2.5)
where
θ(m) := 1
Cr
ψ(n0)
φ(m)∫
0
K (1, t)t−
1
s dt  θ˜ (m) := rM
Cr
(
ψ(n0)
φ(m)
) 1
r
, M = lim
t→0+
K (1, t). (2.6)
Proof. By the assumptions, we have
W1(m) <
∞∫
K
(
φ(m),ψ(x)
)(φ(m)
ψ(x)
) 1
s
ψ ′(x)dx.
n0−1
694 J. Jin, L. Debnath / J. Math. Anal. Appl. 371 (2010) 691–704Setting t = ψ(x)
φ(m) in the above integral, and by simple calculation, we obtain
W1(m) <
∞∫
0
K (1, t)t−
1
s dt = Cr .
Similarly, we can obtain W2(n) < Cr .
On the other hand, we ﬁnd
W1(m) >
∞∫
n0
K
(
φ(m),ψ(x)
)(φ(m)
ψ(x)
) 1
s
ψ ′(x)dx = Cr −
ψ(n0)
φ(m)∫
0
K (1, t)t−
1
s dt.
Let M > 0 such that limt→0+ K (1, t) = M . Then we have, for any t > 0,
K (1, t) M and
ψ(n0)
φ(m)∫
0
K (1, t)t−
1
s dt  M
ψ(n0)
φ(m)∫
0
t−
1
s dt = rM
(
ψ(n0)
φ(m)
) 1
r
.
The proof of the lemma is complete. 
Lemma 2.3. Let p > 0, p = 1, 1p + 1q = 1 and other conditions of Theorem 1.4 be satisﬁed. For 0< ε < ps , we set
I :=
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(x)
) · φ′(m)
[φ(m)] 1r + εp
· ψ
′(n)
[ψ(n)] 1s + εq
. (2.7)
Then, we have, as ε → 0+ ,
Cr
(
1− o(1)) ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε < I < Cr
(
1+ o(1)) ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε . (2.8)
Proof. We have
I <
∞∑
n=n0
∞∫
m0−1
K
(
φ(x),ψ(n)
) · φ′(x)
[φ(x)] 1r + εp
· ψ
′(n)
[ψ(n)] 1s + εq
dx.
Setting t = φ(x)
ψ(n) in the above integral, we obtain
I <
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
∞∫
0
K (1, t)t−
1
r − εp dt = Cr
(
1+ o(1)) ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε .
On the other hand, we have
I >
∞∑
n=n0
∞∫
m0
K
(
φ(x),ψ(n)
) · φ′(x)
[φ(x)] 1r + εp
· ψ
′(n)
[ψ(n)] 1s + εq
dx.
It follows that
I >
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
∞∫
0
K (1, t)t−
1
r − εp dt −
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
φ(m0)
ψ(n)∫
0
K (1, t)t−
1
r − εp dt
= Cr
(
1+ o(1)) ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε −
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
φ(m0)
ψ(n)∫
K (1, t)t−
1
r − εp dt.0
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0<
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
φ(m0)
ψ(n)∫
0
K (1, t)t−
1
r − εp dt  M
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
φ(m0)
ψ(n)∫
0
t−
1
r − εp dt
= psM[φ(m0)]
1
s − εp
p − εs
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ 1s + εq
.
It follows from Lemma 2.1 that
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
φ(m0)
ψ(n)∫
0
K (1, t)t−
1
r − εp dt = O (1) as ε → 0+.
Then it follows from the fact
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε =
1
ε
(
1+ o(1)) as ε → 0+
that
I > Cr
(
1+ o(1)) ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε − O (1) =
[
Cr + o(1) − O (1)
( ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
)−1] ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
= Cr
(
1− o(1)) ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε .
The proof of the lemma is complete. 
3. Proof of Theorem 1.4
For a = {am}∞m=m0 ( 0) ∈ lpw1,m0 , by Hölder’s inequality with weight (see Kuang [12]), for n n0, we have
∞∑
m=m0
K
(
φ(m),ψ(n)
)
am =
∞∑
m=m0
K
(
φ(m),ψ(n)
){ [φ(m)] 1qr
[ψ(n)] 1ps
· [ψ
′(n)] 1p
[φ′(m)] 1q
am
}{ [ψ(n)] 1ps
[φ(m)] 1qr
· [φ
′(m)] 1q
[ψ ′(n)] 1p
}

{ ∞∑
m=m0
K
(
φ(m),ψ(n)
) [φ(m)] p−1r
[ψ(n)] 1s
· ψ
′(n)
[φ′(m)]p−1 a
p
m
} 1
p
×
{ ∞∑
m=m0
K
(
φ(m),ψ(n)
) [ψ(n)] q−1s
[φ(m)] 1r
· φ
′(m)
[ψ ′(n)]q−1
} 1
q
 C
1
q
r
( [ψ(n)] qs −1
[ψ ′(n)]q−1
) 1
q
{ ∞∑
m=m0
K
(
φ(m),ψ(n)
) [φ(m)] p−1r
[ψ(n)] 1s
· ψ
′(n)
[φ′(m)]p−1 a
p
m
} 1
p
.
Then, by Lemma 2.2, we have
‖Ta‖p,w˜1 =
{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p} 1p
 C
1
q
r
{ ∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
) [φ(m)] p−1r
[ψ(n)] 1s
· ψ
′(n)
[φ′(m)]p−1 a
p
m
} 1
p
= C
1
q
r
{ ∞∑
m=m0
W1(m)
[φ(m)] pr −1
[φ′(m)]p−1 a
p
m
} 1
p
< Cr‖a‖p,w1 .
Similarly, we can obtain that ‖Tb‖q,w˜  Cr‖b‖q,w2 and ‖T‖l  Cr (l = p,q). Next we prove that ‖T‖p = Cr .2
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1
r − εp , b˜n = ψ ′(n)[ψ(n)]−
1
s − εq (mm0, n n0, m,n ∈ Z).
Using an argument similar to that in Lemma 2.1, it is easy to see that a˜ ∈ lpw1,m0 , b˜ ∈ lqw2,n0 and ‖a˜‖p,w1 > 0, ‖b˜‖q,w2 > 0,
then, we have
{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
a˜m
)p} 1p
 C‖a˜‖p,w1 .
It also follows that
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
)
a˜mb˜n
=
∞∑
n=n0
{
[ψ(n)] 1q − 1s
[ψ ′(n)]− 1p
∞∑
m=m0
K
(
φ(m),ψ(n)
)
a˜m
}{ [ψ(n)] 1s − 1q
[ψ ′(n)] 1p
b˜n
}

{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
a˜m
)p} 1p
‖b˜‖q,w2
 C‖a˜‖p,w1‖b˜‖q,w2 = C
{ ∞∑
m=m0
φ′(m)
[φ(m)]1+ε
} 1
p
{ ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
} 1
q
.
By Lemma 2.3, we ﬁnd
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
)
a˜mb˜n = I > Cr
(
1− o(1)) ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε .
It turns out that
Cr
(
1− o(1))
{ ∞∑
m=m0
φ′(m)
[φ(m)]1+ε
} 1
p
 C
{ ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
} 1
p
.
Then, by Lemma 2.1, we have C  Cr as ε → 0+ . This contradicts the fact that 0 < ‖T‖p = C < Cr . Therefore, we have
‖T‖p = Cr . Similarly we can obtain ‖T‖q = Cr . The theorem is proved.
4. Proof of Theorem 1.5
Using Hölder’s inequality, we obtain
H =
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
){ [φ(m)] 1qr
[ψ(n)] 1ps
· [ψ
′(n)] 1p
[φ′(m)] 1q
am
}{ [ψ(n)] 1ps
[φ(m)] 1qr
· [φ
′(m)] 1q
[ψ ′(n)] 1p
bn
}

{ ∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
) [φ(m)] p−1r
[ψ(n)] 1s
· ψ
′(n)
[φ′(m)]p−1 a
p
m
} 1
p
×
{ ∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
) [ψ(n)] q−1s
[φ(m)] 1r
· φ
′(m)
[ψ ′(n)]q−1 b
q
n
} 1
q
=
{ ∞∑
m=m0
W1(m)
[φ(m)] pr −1
[φ′(m)]p−1 a
p
m
} 1
p
{ ∞∑
n=n0
W2(n)
[ψ(n)] qs −1
[ψ ′(n)]q−1 b
q
n
} 1
q
.
Then, by Lemma 2.2, we have (1.9).
Denote bn by
bn := ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
K
(
φ(m),ψ(n)
)
am
)p−1
(n n0, n ∈ Z).m=m0
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get that b ∈ lqw2,n0 and ‖b‖q,w2 > 0. Then, by applying (1.9), we have
‖b‖qq,w2 =
∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p
=
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
)
ambn
< Cr‖a‖p,w1‖b‖q,w2 .
It follows that{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p} 1p
= ‖b‖q−1q,w2 < Cr‖a‖p,w1 .
This means that (1.9) implies (1.10).
On the other hand, supposing that (1.10) is valid, again by Hölder’s inequality, we have
H =
∞∑
n=n0
{
[ψ(n)] 1q − 1s
[ψ ′(n)]− 1p
∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
}{ [ψ(n)] 1s − 1q
[ψ ′(n)] 1p
bn
}

{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p} 1p
‖b‖q,w2 .
Then we can get (1.9) from (1.10). Hence (1.9) is equivalent to (1.10). We easily see from Theorem 1.4 that the constant
factor Cr in (1.9) is the best possible. Since (1.9) and (1.10) are equivalent, we know that the constant factor in (1.10) is also
the best possible. This completes the proof.
5. The reverse forms of Hilbert-type inequalities
In this section, we prove the reverse forms of Hilbert-type inequalities.
Theorem 5.1. Let 0 < p < 1 and other conditions of Theorem 1.4 be satisﬁed. If am  0, a = {am}∞m=m0 ∈ lpw1,m0 and ‖a‖p,w1 > 0.
Then, we have
{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p} 1p
> Cr‖a‖p,cw1 , (5.1)
where c = {1− θ(m)}∞m=m0 , where θ(m) given by Lemma 2.2, and the constant factor Cr is the best possible.
Proof. We set
bn := ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p−1
(n n0, n ∈ Z).
Let q be such that 1p + 1q = 1. Then, we have
J :=
∞∑
n=n0
[ψ(n)] qs −1
[ψ ′(n)]q−1 b
q
n =
∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p
.
If J = ∞, (5.1) is obvious. If 0< J < ∞, using the reverse Hölder’s inequality, we have
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
)
ambn
=
∞∑ ∞∑
K
(
φ(m),ψ(n)
){ [φ(m)] 1qr
1
ps
· [ψ
′(n)] 1p
′ 1q
am
}{ [ψ(n)] 1ps
1
qr
· [φ
′(m)] 1q
′ 1p
bn
}
n=n0 m=m0 [ψ(n)] [φ (m)] [φ(m)] [ψ (n)]
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{ ∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
) [φ(m)] p−1r
[ψ(n)] 1s
· ψ
′(n)
[φ′(m)]p−1 a
p
m
} 1
p
×
{ ∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
) [ψ(n)] q−1s
[φ(m)] 1r
· φ
′(m)
[ψ ′(n)]q−1 b
q
n
} 1
q
=
{ ∞∑
m=m0
W1(m)
[φ(m)] pr −1
[φ′(m)]p−1 a
p
m
} 1
p
{ ∞∑
n=n0
W2(n)
[ψ(n)] qs −1
[ψ ′(n)]q−1 b
q
n
} 1
q
.
By Lemma 2.2 and noting that q < 0, we have
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
)
ambn > Cr‖a‖p,cw1 · J
1
q .
Hence, we have
J =
∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p
=
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
)
ambn > Cr‖a‖p,cw1 · J
1
q .
It follows that{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p} 1p
= J 1p > Cr‖a‖p,cw1 .
We now show that the constant Cr in (5.1) is the best possible.
For 0 < ε < ps , setting a˜m = φ′(m)[φ(m)]−
1
r − εp , b˜n = ψ ′(n)[ψ(n)]−
1
s − εq (m m0, n  n0, m,n ∈ Z). We easily get from
Lemma 2.1 that a˜ ∈ lpw1,m0 and
0< J˜ :=
∞∑
n=n0
[ψ(n)] qs −1
[ψ ′(n)]q−1 b˜
q
n =
∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε < ∞.
If there exists a constant K  Cr such that (5.1) is still valid if we replace Cr by K , then, by the reverse Hölder’s inequality,
we obtain
∞∑
n=n0
∞∑
m=m0
K
(
φ(m),ψ(n)
)
a˜mb˜n =
∞∑
n=n0
{
[ψ(n)] 1q − 1s
[ψ ′(n)]− 1p
∞∑
m=m0
K
(
φ(m),ψ(n)
)
a˜m
}{ [ψ(n)] 1s − 1q
[ψ ′(n)] 1p
b˜n
}

{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
a˜m
)p} 1p
J˜
1
q
> K‖a˜‖p,cw1 · J˜
1
q .
By Lemmas 2.3 and 2.2, we have
Cr
(
1+ o(1)) ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε > I > K‖a˜‖p,cw1 · J˜
1
q
= K
{ ∞∑
m=m0
(
1− θ(m)) ψ ′(m)[φ(m)]1+ε
} 1
p
{ ∞∑
n=n0
ψ ′(n)
[ψ(n)]1+ε
} 1
q
 K
{ ∞∑ ψ ′(m)
[φ(m)]1+ε −
rM[ψ(n0)] 1r
Cr
∞∑ ψ ′(m)
[φ(m)]1+ 1r +ε
} 1
p
{ ∞∑ ψ ′(n)
[ψ(n)]1+ε
} 1
qm=m0 m=m0 n=n0
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Cr
ε
(
1+ o(1))(1+ oˆ(1))> K{1
ε
[
1+ o˜(1) − εO (1)]}
1
p
{
1
ε
(
1+ oˆ(1))}
1
q
.
It follows that K  Cr as ε → 0+ . Hence, K = Cr is the best possible. The proof is complete. 
Remark 5.2. It is easy to see from the above proof of Theorem 5.1 that the following inequality still holds:
{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
K
(
φ(m),ψ(n)
)
am
)p} 1p
> Cr‖a‖p,c˜w1 , (5.2)
where c˜ = {1− θ˜ (m)}∞m=m0 , and θ˜ (m) is given by Lemma 2.2 and the constant factor Cr is also the best possible.
6. Some particular results
In this section, we give some particular results using the above theorems. First, we need the following form of the beta
function
B(u, v) =
∞∫
0
tu−1
(1+ t)u+v dt = B(v,u) (u, v > 0).
(1) We set
K (x, y) = 1
(x
1
λ + y 1λ )λ
(λ > 0).
Let r > 1, 1r + 1s = 1. For 0 ε <min{r − 1, s − 1}, we have
Kr(ε) =
∞∫
0
t− 1+εr
(1+ t 1λ )λ
dt = λ
∞∫
0
u
λ
s −1− λεr
(1+ u)λ du → λ
∞∫
0
u
λ
s −1
(1+ u)λ du = λ B
(
λ
r
,
λ
s
)
= Cr, Ks(ε) → Cr as ε → 0+.
It is easily seen that limt→0+ 1
(1+t 1λ )λ
= 1. Then, by Theorem 1.5, we have
Corollary 6.1. Let p > 1, 1p + 1q = 1, r > 1, 1r + 1s = 1, m0,n0 ∈ Z, λ > 0, φ(x) ∈ Fm0 (r), ψ(x) ∈ Fn0 (s). Setting w1(m) = [φ(m)]
p
r −1
[φ′(m)]p−1 ,
w2(n) = [ψ(n)]
q
s −1
[ψ ′(n)]q−1 . If am,bn  0, a = {am}∞m=m0 ∈ l
p
w1,m0 , b = {bn}∞n=n0 ∈ lqw2,n0 and ‖a‖p,w1 > 0, ‖b‖q,w2 > 0. Then we have the
following equivalent inequalities:
∞∑
n=n0
∞∑
m=m0
ambn
([φ(m)] 1λ + [ψ(n)] 1λ )λ
< λB
(
λ
r
,
λ
s
)
‖a‖p,w1‖b‖q,w2; (6.1)
{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
am
([φ(m)] 1λ + [ψ(n)] 1λ )λ
)p} 1p
< λB
(
λ
r
,
λ
s
)
‖a‖p,w1 , (6.2)
where the constant factor λB( λr ,
λ
s ) is the best possible.
In particular, (I) for α > 0, β > 0, putting φ(x) = xαλ , ψ(x) = xβλ , m0 = n0 = 1.
For 0< λmin{ sα , rβ }, we have the following equivalent inequalities:
∞∑
n=1
∞∑
m=1
ambn
(mα + nβ)λ <
B( λr ,
λ
s )
α
1
q β
1
p
‖a‖p,w1‖b‖q,w2; (6.3)
{ ∞∑
n=1
n
βλp
r −1
( ∞∑
m=1
am
(mα + nβ)λ
)p} 1p
<
B( λr ,
λ
s )
α
1
q β
1
p
‖a‖p,w1 , (6.4)
where w1(m) =mp(1− αλs )−1 and w2(n) = nq(1− βλr )−1.
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∞∑
n=1
∞∑
m=1
ambn
(mα + nβ)λ <
B( λp ,
λ
q )
α
1
q β
1
p
‖a‖p,w1‖b‖q,w2; (6.5)
{ ∞∑
n=1
nβλ−1
( ∞∑
m=1
am
(mα + nβ)λ
)p} 1p
<
B( λp ,
λ
q )
α
1
q β
1
p
‖a‖p,w1 , (6.6)
where w1(m) =m(p−1)(1−αλ) and w2(n) = n(q−1)(1−βλ) .
(B) For r = q, s = p, 0< λmin{ pα , qβ }, we have the following equivalent inequalities:
∞∑
n=1
∞∑
m=1
ambn
(mα + nβ)λ <
B( λp ,
λ
q )
α
1
q β
1
p
‖a‖p,w1‖b‖q,w2; (6.7)
{ ∞∑
n=1
nβλ(p−1)−1
( ∞∑
m=1
am
(mα + nβ)λ
)p} 1p
<
B( λp ,
λ
q )
α
1
q β
1
p
‖a‖p,w1 , (6.8)
where w1(m) =mp−1−αλ and w2(n) = nq−1−βλ .
(C) For r = qλq+λ−2 , s = pλp+λ−2 , λ > max{2 − p,2 − q}, 0 < α  pp+λ−2 , 0 < β  qq+λ−2 , we have the following equivalent
inequalities:
∞∑
n=1
∞∑
m=1
ambn
(mα + nβ)λ <
B( p+λ−2p ,
q+λ−2
q )
α
1
q β
1
p
‖a‖p,w1‖b‖q,w2; (6.9)
{ ∞∑
n=1
nβ(p−1)(q+λ−2)−1
( ∞∑
m=1
am
(mα + nβ)λ
)p} 1p
<
B( p+λ−2p ,
q+λ−2
q )
α
1
q β
1
p
‖a‖p,w1 , (6.10)
where w1(m) =mp−1−α(p+λ−2) and w2(n) = nq−1−β(q+λ−2) .
(D) For r = pλp+λ−2 , s = qλq+λ−2 , λ > max{2 − p,2 − q}, 0 < α  qq+λ−2 , 0 < β  pp+λ−2 , we have the following equivalent
inequalities:
∞∑
n=1
∞∑
m=1
ambn
(mα + nβ)λ <
B( p+λ−2p ,
q+λ−2
q )
α
1
q β
1
p
‖a‖p,w1‖b‖q,w2; (6.11)
{ ∞∑
n=1
nβ(p+λ−2)−1
( ∞∑
m=1
am
(mα + nβ)λ
)p} 1p
<
B( p+λ−2p ,
q+λ−2
q )
α
1
q β
1
p
‖a‖p,w1 , (6.12)
where w1(m) =m(p−1)[1−α(q+λ−2)] and w2(n) = n(q−1)[1−β(p+λ−2)] .
(II) For A > 0, B > 0, we put φ(x) = (A ln x)λ , ψ(x) = (B ln x)λ , m0 = n0 = 2. For 0 < λmin{r, s}, we have the following
equivalent inequalities:
∞∑
n=2
∞∑
m=2
ambn
(A lnm + B lnn)λ <
B( λr ,
λ
s )
A
λ
s B
λ
r
‖a‖p,w1‖b‖q,w2; (6.13)
{ ∞∑
n=2
(lnn)
λp
r −1
n
( ∞∑
m=2
am
(A lnm + B lnn)λ
)p} 1p
<
B( λr ,
λ
s )
A
λ
s B
λ
r
‖a‖p,w1 , (6.14)
where w1(m) =mp−1(lnm)p(1− λs )−1 and w2(n) = nq−1(lnn)q(1− λr )−1.
(A) For A = B = 1, r = qtλq+tλ−2 , s = ptλp+tλ−2 , t > 0, 1t max{2− p,2− q} < λ 1t min{(2− p)+ pt, (2− q)+ qt}, we have the
following equivalent inequalities:
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n=2
∞∑
m=2
ambn
(lnm + lnn)λ < B
(
p + tλ − 2
pt
,
q + tλ − 2
qt
)
‖a‖p,w1‖b‖q,w2; (6.15)
{ ∞∑
n=2
(lnn)
1
t (p−1)(q+tλ−2)−1
n
( ∞∑
m=2
am
(lnm + lnn)λ
)p} 1p
< B
(
p + tλ − 2
pt
,
q + tλ − 2
qt
)
‖a‖p,w1 , (6.16)
where w1(m) =mp−1(lnm)p− 1t (p+tλ−2)−1 and w2(n) = nq−1(lnn)q− 1t (q+tλ−2)−1.
(B) For A = B = 1, r = ptλp+tλ−2 , s = qtλq+tλ−2 , t > 0, 1t max{2− p,2− q} < λ 1t min{(2− p)+ pt, (2− q)+ qt}, we have the
following equivalent inequalities:
∞∑
n=2
∞∑
m=2
ambn
(lnm + lnn)λ < B
(
p + tλ − 2
pt
,
q + tλ − 2
qt
)
‖a‖p,w1‖b‖q,w2; (6.17)
{ ∞∑
n=2
(lnn)
1
t (p+tλ−2)−1
n
( ∞∑
m=2
am
(lnm + lnn)λ
)p} 1p
< B
(
p + tλ − 2
pt
,
q + tλ − 2
qt
)
‖a‖p,w1 , (6.18)
where w1(m) =mp−1(lnm)p− 1t (p−1)(q+tλ−2)−1, w2(n) = nq−1(lnn)q− 1t (q−1)(p+tλ−2)−1.
(III) For A > 0, B > 0, we put φ(x) = (A ln x)λ , ψ(x) = (Bx)λ , m0 = 2, n0 = 1.
For 0< λmin{r, s}, we have the following equivalent inequalities:
∞∑
n=1
∞∑
m=2
ambn
(A lnm + Bn)λ <
B( λr ,
λ
s )
A
λ
s B
λ
r
‖a‖p,w1‖b‖q,w2; (6.19)
{ ∞∑
n=1
n
λp
r −1
( ∞∑
m=2
am
(A lnm + Bn)λ
)p} 1p
<
B( λr ,
λ
s )
A
λ
s B
λ
r
‖a‖p,w1 , (6.20)
where w1(m) =mp−1(lnm)p(1− λs )−1, w2(n) = nq(1− λr )−1.
(A) For A = B = 1, r = qλ
(q−2)t+λ , s = pλ(p−2)t+λ , t  0, tmax{2− p,2− q} < λmin{(2− p)t + p, (2− q)t + q}, we have the
following equivalent inequalities:
∞∑
n=1
∞∑
m=2
ambn
(lnm + n)λ < B
(
(p − 2)t + λ
p
,
(q − 2)t + λ
q
)
‖a‖p,w1‖b‖q,w2; (6.21)
{ ∞∑
n=1
n(p−1)[(q−2)t+λ]−1
( ∞∑
m=2
am
(lnm + n)λ
)p} 1p
< B
(
(p − 2)t + λ
p
,
(q − 2)t + λ
q
)
‖a‖p,w1 , (6.22)
where w1(m) =mp−1(lnm)p−[(p−2)t+λ]−1 and w2(n) = nq−[(q−2)t+λ]−1.
(B) For A = B = 1, r = pλ
(p−2)t+λ , s = qλ(q−2)t+λ , t  0, tmax{2− p,2− q} < λmin{(2− p)t + p, (2− q)t + q}, we have the
following equivalent inequalities:
∞∑
n=1
∞∑
m=2
ambn
(lnm + n)λ < B
(
(p − 2)t + λ
p
,
(q − 2)t + λ
q
)
‖a‖p,w1‖b‖q,w2; (6.23)
{ ∞∑
n=1
n(p−2)t+λ−1
( ∞∑
m=2
am
(lnm + n)λ
)p} 1p
< B
(
(p − 2)t + λ
p
,
(q − 2)t + λ
q
)
‖a‖p,w1 , (6.24)
where w1(m) =mp−1(lnm)p−(p−1)[(q−2)t+λ]−1 and w2(n) = nq−(q−1)[(p−2)t+λ]−1.
For α = β = λ = 1, inequalities (6.5) and (6.9) reduce to the inequality (1.2).
For α = β = λ = 1, (6.7) and (6.11) reduce to the following Hilbert-type inequality
∞∑
n=1
∞∑
m=1
ambn
m + n < π csc
(
π
p
)
‖a‖p,w1‖b‖q,w2 , (6.25)
where w1(m) =mp−2, w2(n) = nq−2.
Here we give a reversion of the classical Hilbert’s inequality (1.1) according to Theorem 5.1. Other results concerning
reverse forms with regard to this kernel are omitted.
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n=1
n
p
2 −1
( ∞∑
m=1
am
m + n
)p} 1p
> π
{ ∞∑
n=1
(
1− 2
π
arctan
1√
n
)
n
p
2 −1apn
} 1
p
, (6.26)
where the constant factor π is the best possible.
(2) We set
K (x, y) = 1
max{x, y} .
Let r > 1, 1r + 1s = 1. For 0 ε <min{r − 1, s − 1}, we have
Kr(ε) =
∞∫
0
t− 1+εr
max{1, t} dt =
1∫
0
t−
1+ε
r dt +
∞∫
1
t−1−
1+ε
r dt
= rs
r − εs +
r
1+ ε → r + s = Cr, Kr(ε) → Cr as ε → 0
+.
We easily see that limt→0+ 1max{1,t} = 1. Then, by Theorem 1.5 and Remark 5.2, we have the following:
Corollary 6.3. Let r > 1, 1r + 1s = 1, p > 0, 1p + 1q = 1, m0,n0 ∈ Z, φ(x) ∈ Fm0 (r), ψ(x) ∈ Fn0 (s). We set w1(m) = [φ(m)]
p
r −1
[φ′(m)]p−1 ,
w2(n) = [ψ(n)]
q
s −1
[ψ ′(n)]q−1 , and c = {1− rr+s (ψ(n0)φ(m) )
1
r }∞m=m0 .
(1) If p > 1, am,bn  0, a = {am}∞m=m0 ∈ lpw1,m0 , b = {bn}∞n=n0 ∈ lqw2,n0 and ‖a‖p,w1 > 0, ‖b‖q,w2 > 0. Then, we have the following
equivalent inequalities:
∞∑
n=n0
∞∑
m=m0
ambn
max{φ(m),ψ(n)} < (r + s)‖a‖p,w1‖b‖q,w2 , (6.27)
{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
am
max{φ(m),ψ(n)}
) 1
p
} 1
p
< (r + s)‖a‖p,w1 . (6.28)
(2) If 0< p < 1, am  0, a = {am}∞m=m0 ∈ lpw1,m0 and ‖a‖p,w1 > 0. Then, we have{ ∞∑
n=n0
ψ ′(n)
[
ψ(n)
] p
r −1
( ∞∑
m=m0
am
max{φ(m),ψ(n)}
) 1
p
} 1
p
> (r + s)‖a‖p,cw1 , (6.29)
where the constant factor (r + s) is the best possible.
Remark 6.4. With different kernel satisfying the conditions of Deﬁnition 1.2, choice of appropriate functions φ(x), ψ(x) and
exponents r, s, we can obtain many new Hilbert-type inequalities and their reverse forms.
Finally, by introducing a particular kernel K (x, y) ∈ H(2,2), we ﬁnd some new reverse Hilbert-type inequalities from
Theorem 5.1.
(3) We put
K (x, y) = 1
x+ √Axy + y (A  0).
For 0 ε < 1, we have
K2(ε) =
∞∫
0
1
1+ √At + t t
− 1+ε2 dt
=
1∫
1
1+ √At + t t
− 1+ε2 dt +
∞∫
1
1+ √At + t t
− 1+ε2 dt0 1
J. Jin, L. Debnath / J. Math. Anal. Appl. 371 (2010) 691–704 703=
1∫
0
1
1+ √At + t t
− 1+ε2 dt +
1∫
0
1
1+ √At + t t
− 1−ε2 dt
→ 2
1∫
0
1
1+ √At + t t
− 12 dt = 4
1∫
0
1
1+ √Au + u2 du = C2 as ε → 0
+.
Choosing m0 = n0 = 1, φ(x) = ψ(x) = x in Theorem 5.1, we have
θ(n) = 1
C2
1
n∫
0
1
1+ √At + t t
− 12 dt = 2
C2
1√
n∫
0
1
1+ √Au + u2 dt (n ∈ N). (6.30)
Then, by Theorem 5.1, we have
Corollary 6.5. Let 0< p < 1, A  0, w(n) = n p2 −1 . If an  0, a = {an}∞n=1 ∈ lpw,1 and ‖a‖p,w > 0. Then, we have{ ∞∑
n=1
n
p
2 −1
( ∞∑
m=1
am
m + √Amn + n
)p} 1p
> C2
{ ∞∑
n=1
(
1− θ(n))n p2 −1apn
} 1
p
, (6.31)
where the constant factor C2 is the best possible and θ(n) given by (6.30). In particular,
(a) for A = 0, we have C2 = π , (6.31) reduces to (6.26);
(b) for A = 1, we have C2 = 4
√
3
9 π , θ(n) = 3π arctan
√
3
2
√
n+1 and the following inequality holds:
{ ∞∑
n=1
n
p
2 −1
( ∞∑
m=1
am
m + √mn + n
)p} 1p
>
4
√
3
9
π
{ ∞∑
n=1
(
1− 3
π
arctan
√
3
2
√
n + 1
)
n
p
2 −1apn
} 1
p
; (6.32)
(c) for A = 2, we have C2 =
√
2
2 π , θ(n) = 4π arctan 1√2n+1 and the following inequality holds:{ ∞∑
n=1
n
p
2 −1
( ∞∑
m=1
am
m + √2mn + n
)p} 1p
>
√
2
2
π
{ ∞∑
n=1
(
1− 4
π
arctan
1√
2n + 1
)
n
p
2 −1apn
} 1
p
; (6.33)
(d) for A = 3, we have C2 = 23π , θ(n) = 6π arctan 12√n+√3 and the following inequality is true:
{ ∞∑
n=1
n
p
2 −1
( ∞∑
m=1
am
m + √3mn + n
)p} 1p
>
2
3
π
{ ∞∑
n=1
(
1− 6
π
arctan
1
2
√
n + √3
)
n
p
2 −1apn
} 1
p
; (6.34)
(e) for A = 4, we have C2 = 2, θ(n) = 1√n+1 and the following inequality holds:
{ ∞∑
n=1
n
p
2 −1
( ∞∑
m=1
am
(
√
m + √n)2
)p} 1p
> 2
{ ∞∑
n=1
(
1− 1√
n + 1
)
n
p
2 −1apn
} 1
p
. (6.35)
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